Probability Space —-CJL, F, P) defines a

random experimen .

Sample Space(a)-the sef of oll prssible oute-

omes he expern'meu-h
~Ex:P2k ) tord Feam  deck
~3A Spades, A cluwbs k diamonds, | 3
Evenat Space(F) - evinks
Subsefs of .n.,.Asu\q\h, 2

'JLGF, the whole somple space
eventd

-(tosed umles complement (it “all ved cans®
D an eveat, 5o T3 "all aAown ved cords?

Ulosed wadty conwtable wnroes (if A A,
€ F, twen U; A éF)
“Ex: all red tards, oW Pluk cacds @, F

Probability Function(P)-assigas a probability
+o cach event.

-P(P)=0

B ik ( add f»
- additivit 1 ’
poupialle I et el

in your experiment,

-

3 on

?(E) 20 YEEF 6”’4'\6'70#\'37)

\/arl‘qmce—Avemge squaced distance 0f a  raadem voriable
from its mean

Vou/ ()Gf’ Y) ZVWCX() +Vas (,Y) it indafem).enf
Var(x)= E[ex~E0D) T = DT - (EGD)*

Contmunous Randem Variable

Takes umcomnf-qb[j maug \/alvtes(a,u\; real wamber n adn intevval)
P(_)(:a):() chwA&e a 57“}7{3 Pgin+ has w0 widty, Tnsteqd of P[X-sq),
PlacXeh) What B the pobability that a RV lies in Some interval?

Vav (cX) = *Var G() var (o\X. b¥X,) = > var(X,) ¥2ab-cov (X,,)(,}
Var (X +b)= Var(x) + bivar(x,)

Bernoulli Distribution
X is o Pernonlli  rondem varialble
p- X € 40,0 P(x=1)=p , P(x=0) = |-p.
Let 1, be the Berngulli  variaVle for eveat A w)
parameter  P(A).

Ella)= P(A)=p

Vv (1) = pU-p)

Bingmial Pistribation
Models  Fhe number of suesses in /‘ndapeudenf
identical trinls ,where each fvial sugeeds with

withh parameten

Pfobabil}‘fj p: For Example, H.‘ppx‘nj a cot maltiple
Limes. (‘l,y\,‘/(}yb5 b Poisson Ay no¥

oo de
}Z| E;) T TZT P(.Ei) for dijoiat e:lub
IBa. es Ruwle

E:;
P(ALB) = p(A n B) PBIA)P(A)

Plg) P(® ANB

U3¢ f£lp T s H
let X = 10 ptherwise
X; o~ BCI’;\D\*H"(,P) Xi s Berneuhli RU withh P/'obo,bflfb P
Led Xz 2% Plx=x) = (%)p"(1-p)"”
X~ Rin ('\,p,) X is Binomial RV ith w trials and

Prebabflh‘g P

E L= % E(xJz é‘ p="¢ Var (X) :.'; Var(X;) >i§ pl1-p)

Total Probability
It 9,,..., B, ave d?ﬁeia* 4 partitirn Ve Sample
Space , p(a) - ?, P(A /\3;) =3 PlA IB,-) P(gi)

T2l

= np(l-yp)

Probability Deasity Fanction T
The POF (s the actual curve of thc Aistribution, Probability
s the area  under the curve.
Pf‘oper)‘7857 o
@N&m-mdﬁ@’rivf‘fjfﬁx(ﬁzo for all X - goo
Tnterval  Probability! PlasX2b) = [, £ 0) e

Normalization : ﬁ; TCK D dF=l ol probability 54 to |

E- S"" x -, 6 da
P(K2x) A

(uma lgfive Distribution Function
F@-P(X<a) . ives the probability fhat X ic to fhe

lott of a. A P(a<Xeb) = PlacX<b)
Fy(a) = j“w L) A I Rl A6
Properties:

ONown dveoreqsrvg: Fa() never o€ down, only add probability as

yeu go /‘iglnl\ % and & vefer o the bounds

A, R of the domain of X.So if X
@Lvﬂ\l‘f‘j‘ XIZI_\&E{[’K):O

s
lim d

x>0

F(- ]

Geometric  Distribution
Medels hew many trials  are needed uatil the fivst
success Lok X= B of Fip ankl ik .

I Tndependence

Kaswi o1 eent eccured deesn t &hawyc
the probability ot arother eveat,

P(A18) =P(R) <= P(A n 8) = P(~) P(8)

XNGCOMC'\‘V‘:L(F\) X s o geomedric RV with pr*abqbf}f}yp.
P(x=0= (1) EDI: % V(¥ = IF

Memefytesp Prbf)cﬁy‘. L& m trjals hove mlmmd/j 'Failed, the

s distribated fhe same as i€

fema?rxin_\? wart trme

Tuclwsion Excluscon
When Frndivg P(AU B)/QJJ}-/\L? fineir Tadividual proVabilitie:
doable counts The shared owtcome.

P& vB)=P(A) + P(B) - P(ANS)

P(AUB UC)= PR +P(8) + P(C) - Pk 1) -P(a L) - P(BNC) +ARNBAC)
0825 (ki (5 (a0 0mgl) o
K=/

lL:‘,<_,,<4‘K<n
? I,l_:J‘ A.-) - mi C_Okﬂ( s
k=

l¢i<..cigén
PL: PLA 0R) = P4 U (8K)
=P(A)+ P(B)R)
=P(r) »P(BIA) ~ P(A N8)- P(ANE)
=P(A) +P(BIK) L (AAg))—P(AAB)
=P(A) «P(B) - P(ANE)

P(A,0..08))

you ave 5{-w~~l—mj over, Essem’riql,ﬁj,fh,c coin  doesnt  vemem per

its ast  £lips.
P & I"(Xn)i('w)”

P(x>mtn lx >m) = P(x>n)

only over ¢ ted, use ¢ and
instead of ~& aud .
Uniform  Distribution
R random variable is uniform on an
value of the RV wifnn the  Miterval
X N()r’\?fofm.(m,b) ,where 4 b

interva) Tf cv&l‘j

aqwal}j likgly

IR
;\é ]Lka '\/»)(C/‘Wl {

| 0 x<a
— xé[q,b] . -
Port= U5 e (O B07 58 screy

.‘y\,f(/*uop’ of PN@QV;":/?
Tnierval of distvibation

(b4
2

pleensd) = 25

(3]

atb
2

Elx]= Vas O&) =

Poisson D istribution
Meodels how many Hmes  an eveat happens in a fixed

interval,

Az average number of euents pes inferval

P(X=x) = é:]} EIXT=A Var(=A

Uniform  Disteibution

B random variable s wniform on  an iaterval Tf every

value of $he RU withia  the  Mierval aqwm“j Ukelj
XNUV\?I‘efM(o\,[a) ,where 4 b the Miberval

PLK=x}-= b_\aH ElxI= %Lb VWOC): %

I3
<
1S

EXponanriql Distvibutions

Models wai{—m7 time until an eveat hagpeus

X~ Exp(A) —> X Sdime antil Fnt success, A< rate ot
which happon

X
POF: £, (x)- {"g x30

oHherwise

Swniresses
(DF> Fy(f)= P(xed <] -eM
, Probability that X hagens
Pacxzh)~ L/\a'x"dx by +

Survival mec{-ranlf’rakmbf(/’fy toat phject survides past 3
S8 P(x>H) = [~ F () =&

)
BBy Var(9)= 5
Meme/‘yleb 'o/‘;{)cr{yt ¢ m +Hime has alreado; post, thhe
addidional waiﬁwj time  does nof de‘pev\d on the

ast. P(x>mtn Ix>m) = P(x>n)

P
P(_X>M%|X>a) = P(X=ark, X>a) : P(r>a+6) _ I=F (a+h)

Lndicater Tricks
Usetul o d,ewm,oosc LVs inte sums of Bervoull: R Vs

E‘J‘: L9+ X= # 6 H A n com 'F(,“p;

Un?zm Boand ~extension of inclusisn  exclusion

PCT A) < 2 o)

Led R\/=I:’“{I Fitgl 1 % bosds L X= ST

0 otherwise =

Random Variables - fynction from sample space () Fo a

subset  of  +ue real numbevs (IR)

Ex:2comn Flips, # 0% heads -5 = {HH,HT, TH,TT]

Let X=H of heads: X |22£6,1,23 X(HH)=2  X(HT)<=]
X(TH)=(  x(TT)=0

Pﬂlaab/“/vsfy mass fanchons |
Lalomlate by Lcoé,,

Discrete RYs have
P.(x) < P(£X=>3) P (w2 1X(w) =x2~£)/mvg,;;; ,:i;*‘;:: 6%as
= S 1M 2R3 P € here T () Tand add

14x) & an Mdicator fanctivn whith refurns L TF x > twe,clse 0,
BB () =PUTTI) =, Al SPC{RTTHY =% p (2) - P({#3) -4

Theo, EpxJ=ELET]= 2 iEJ= 2 = ¢
Varle) = Var () + 2 Vac(Z) = 2262 %

Calculus "
Fundamental Theorem: ;(‘7 KGL:; £(H)ap = 406’0 - #(alx)a'(x)

ff 4(4’)’“’ =—F(b)—¥-7[a) ,whern F s antidervabive of F
(ham Rule: 2 #g(x)) = '(9(x) 50

Ax
DrscreJre V5. Com+fmwoa5
DTSCr&‘I‘C

EXP@L‘F@,}LMV\ E[x:] = ;— a- P[X=q]

(ontinaoa s

E[x]= 15 @£, (a) da

M = Lenter of mass of o disheibution.
0= 2 fled - 2wl
Linearity ot Expectation: E[X+Y]= E[x]+E[V]
E[ex] = <E[X]/ Ye R
Law of tne Uncowscions Statistician (LOTUS_):
FLE]= & £ P(x=x)  Fer example, E[X21:§ *P[X=x]
(cmd{{-?o/\a\x Expcaf*a;l-?om E[x |Y:7] =z <Py (”j)
= 7))
= Pyy Goy)
Py()

Total Expectation Theorem !
E XJ= 2 = é ( -E Y=
[XT= 2 -2 7,y ExIv=]

LoTus Ely(l= § g PO £y ()] jf“wﬂa). £ (9t
Total Proby PLEI= 2 PIEAIPLAT  ele]= ["P[BIAD £, () oy

Vasiance Vae(x) = E[xT-E0Q)" Var[)= (L5704 -(Cxftaf

P(x>a) P(x>a) |- F)
< e L p(aoy)
Normal  Distribation

XN, %) means X 1 V\D/‘wm”y distribated with

meon M and  yariance J‘L
(x-m)/ (252
PDF: £ 0o ¢ (x-)/(20°)

\ZTr.,-‘h (DF! Fx("):P(X—‘— x)
PCGS Xﬁb):ja Fx(x)o\x ; ) J%e-%w-
ElxJza Var(x)=07 G S
PCW$X):¢)(X‘;_M> X~ N,
2z K-M
a
SVL’V\ 0‘[’ IV\AE‘J&AJ{&V\%' Nﬂf"l’\.q ls‘ 2~ NC@/ l)

X"’ N(O/ O QV\,CA Y’V N(,O/ D

P(xex)z P25 55)
2:&X+W’VN(0/GZ+W) '

Joint Densities
PC(,er) élﬂt) = ,ng ‘ny (,X,y) Ax Aj

0> do
Normal izgqtion c»ndf%ion:fw L}Q le (x,j) dxv\j=l

Maxﬁ'\ml Deasity : ﬁxCx): jiow ‘fx‘( (x.y) dy

of Totul Variauce' Var(Y)= B[ Var (Y[x)]+ Var (E[YIX])

Law

Law of Tofal Expectution: E[X]: E[E(x Y]]
Ex: 2N(u, ) & A~vUnif(0,2%) What n E[AT?
E(2Y)=Var (2) « (E[zD" 20+’
ElAl=E[e(a12]7=E[ O*f - E [-ii]: L E[2 =3 ru)
CC ElE[x(Y]]= 2 ECxlv=ydr(Y=yi)= izcdz)g P(x=x; 1 Y=4;)) PLV=y;
T 2 xS PCX:xs |Y:v.~) P(Y“j?) = ij P(X:xJ) = E[x]
3 ! v




Poisson D stribution

Models hew mang Himes  an event happens in a fixed

interval,
Az avevuge number of cueals per interval

p()@@;% EXJ=A  Var(x)=A

Asbm’ahﬁc Equi partiion Property (AEP)
I\C )(,/Xz/. 5 XA ave T.id. Nw()r) - 1071 p(X.,Xz,,,,/XW) _,a)

OrvPJ,( 195 n = 'é',' ;Z"Lsﬂzf’(x;) 4

97 WLLN, Sample  means

hich 0 tee sampie
can ot -169,p(Xr)

Converges () ex‘pu'l'n\ valwe So

(onvolutigus

Le{' Z=X+Y for ;‘/depuwlem’r X 4Y

Discrebe (ose’ P(2=2)=Z P(Z=21K=x)P(x5%)
=2 P(X+ Yoz ) Xex) P(X=0)
| %P(Y:Q—x] X=x) P(x=0)

P(2=2 =2 P(Vs2=)P(x=0

Lonvolution -
Formula

(gatranous case: 'Fz (2) ﬂj—: £409 £, (2-4) dx

_JT:% *lO(/,_ f()(-’) ﬁ% E [““’31 Y’(X )J = H(_X)

" #(x)
& Sinee X ave Mdep@rdEm|- :
—lﬂg,_ X ey Xn) == % 10\7*'60('—) -E?\V\V;a;;b-“/f;)
Qs >0

Mar kov (hatss (lassi€rcations

@Acoessrb.’/h‘\j ~State j Vs accessible  From sf?nl’e‘ i if
theres a nonzero probability prth from & Fo i1 s0me

wumber of steps.

@COW\W\\AV\IZO\“W\ ~States T and j Ccommunicate i you
Can 96.;_ from 7 to J and vice versa,
Trreducible ~A chan 13 Treducible i all states

tcommunicate with eacth ofher.

Typical  Sequences

” [ n(H+€) €p(x)s ) (B-0)
B sequeace xn B typical i ,-*log,r(x")'H(X))sé or 2 pl)s)
Roout 2°1 Wpl\m) sequerces , each w/ probabiiity aveot 270,

(D Recurrent = P(Xn=i 1Ko =i)2] Given #uat state O 5 5
Yyo4 ave watanteed tp yretusn back to § EVENTUALL.Y

Transient = P(Xa=i1 Ko=) <] Givea toat state O Fleve

s
IS/

M M‘ual IW‘FO!/‘MG\"‘iDV\

\o.vc.fage ampun +

T (%;Y) = HOK) = HOY) = HOY) = H(Y]X) = H(O + HOY) -H (X, Y)

1 N\ -

ertata £ b N =
e e
th‘—r seoing Y seetng ¥
albewt X

of afo X provides about Y and vive vessa(symmetrc)

TS ALPLM(/L yow never veturn to .

B Aperiodic- 6LD ot all paths £rom o nede 5 o riself
Vs

Period ot State i Find all the pvssffole pa fire to
g0 from  state ; back + sfate ;. Record Fhe step

cont  for each, Tuke the ﬂcol of all the step

(ovariance ‘Measurcs  the  liwear association betweey, Joint Entropy = Bow surpmsing 3 X given \?
by amdo e ables HxY) =5 PO Doy (pxp) Counts _to| get fhe period of State T
XN .. . ol T :

Cov(x,¥) = E[(x-ECxT)(-E[11)]= B[xV] "E[X]E[ﬂ;fg@)p\?v) g o) Hiuﬁ ?ﬁw ekoint DTETTTT
- £ \

T€ X and Vars tndependsnt, the (ol ¥)=0 bk EDVISELQEL :—%V&,yy\y(ﬂy))-g plrg)-109 (p (x19)) X . E SAME PERmpI!

- v + 2)a2acl X,2) + M
Qo VsCorlt ) Dolxeeh Dz iy S - B - 20 £ G Permd ok all stetes 1 |
@ Lov (X, K)zVar(x) ® Cov(x, X+ = Var(x) HOLY = H J '
A= H(Y) L HxIY) Fundamental Theorem of Markou Chan
Moment Gemcraﬁﬂj Functions(MGF) (haanels e T

My () = E [eH]
MGE = Lanction of + that cncedes all the information about
a distribubion ™ oene Db‘)‘cc{

Use L Extract Momentx

Ak |-
E[XKJ:WK“*(*)L% [The ktn momat of X i the kth
devivakive of the MGF evalafed at 120,
Use ZfCompw/-c Sums v .
For tndependent X and Y: vats):E[cscx*Y)J: ELe T Elef ]ﬂkiﬁ({)‘
Use 2: Aeene Transtorams

For aX +b: Maxse (s)= et M, (=3)
(ﬁ ECCS("X*L)Jt E[:Qs‘“ -X -ese] ek E[c“x_] =CSJ'-M,((4$)

Y. (hanvel behaves
you sent x.

a vneisy chaanel aud the
accordtny to plylx), prebabiriby of rectivhg ¥ g

Sender controls p() but not e channel ply1x).

vecerer recerves
rven

ijes ot channels:
Noseless: Whatever yoa sead arrives perfectiy, wo Adistortion

plylx)=1

Noisy sigral 5 corvupted

BSC - bits flip w/ prwc]fbfmy P« (=1-H(p
BEC - bits ave ermed w/ provability p, (=l-p
Gaussian -~ vandom woise Y=X+2Z, where 27N(0 ~*)

Fandamental  Quection | How much info can be reliably

sent H/\rwgh This channel?Same as how of X can the

receiven Y vetuinl This 3 mutua] faformation T (XV)

,’\Axtmfze_ Flars over  all ,ﬂossfbls ingat Apntrrbutions p 0.

(= m&x T(x;Y) , Cis the chavmmel  capacity, the wax vate
P)(

at whidh
per chanme |

into can be Frunsmitted V‘&ll‘dblj/ medsuved v bits
wse Reliable it m/fn 24 C Max m =n(

Sender  thooses an inpat X with distribution plx). Seads It +hva

TE o Markow Chatn 15 taveducible  and aper‘/‘aalk , Hhen

for any
start

sf—mr’rl‘ny distribution (ie. $05 .53 means 5% chame
state 0 and S0% ia state 1)/{-&% pmbay;l,‘fy of
state T at Qﬁ'p n coverges to the same valie
the tavariant disteibation TT.

I_’F a Mau"k(N C[/lo\;'/\ I IV/’EO‘,ML;Q[@ omc{ qpcn?ocii(_/

"
bau‘ng n
T from
Fofwaa]ly/
then  for any initial  distribution T, we Nave that

Ta > as n=>w,a0d T s the wnigue iwariant A rstribution

e the

Mackov ¢ hain,.

Markow Chain Applicatious

let x= & %5+eps before f&ac‘/\;\vlj state A

A(i) =0 iF 0 SADKIgady at A

a(i)e L+ 2P aly) = bep from T ] pla fuhire sty

RV MG6F RV MGF
Bernoaulli [—'oﬂoc’L Normal ¢ r t T2
Binomral G prpct)” Exponeatial —‘le\f
Gomeiets |,(':o_p)¢o Porsson eA(er-D
Boands
Mavkou: Fr a nonnegative LV: P(X2a) £ EEX]

[hebgsnes: For b20: POX-E[x][28) Vaclx)
bl

Ele™] M.

et et

(nernott: P(X2a)= PletX 2 e™) =

KL Divergence
v

D(pllq)= gl’c")'@% .This measures how diffevent +wo

distrrbntions P and q ave. D(po”{) s atwayA 20 aud %WJS
0 only when pzq 6ver/7wlne,/c.

Tntevpretation 1 How independent ave 2 variables?

Dy Cpleg) Mp(R)ply)) asks Wow far T e actaal joi
probabiiity from the rdegeadent j0int prelability.

(onvcracma in  Probability

For every €20, 10m \D([Xn—x[>é]=0,l'hc probability that

3 iw/“ﬁe,

Xn difeeis  from X ly o Hhan € shrimks Fo O ds n>w
Weak Law of Large Numbers -Sample memn (onveyes fo
v expected valae.

XI/XZ/»‘,/X/\ ave iid. wifh mean M and g finite vasioance.
s N->80

7
P(l;\L;X;ﬁMIZé)—) 0

N ‘>§ A5 e, the ‘gppwm.“(fly fwnat the mega
'LI;M‘Q P % *M]Zé) 20 ofk Xa-M Tsz2 & n ()

Tnterpretation 2: (ross Entropy

True distribabion = P bat you dont

kuow Tt so gou use
Q as gouv besi'yues) for enzoding.

T P was known,encod = H{p) bifs, ¥he mimimum . Sintce you
are  wsing R Msfead, 30»1 pay @ penalty of Dy (P[13).
So Leoss  entopy=—2Z Plx)10g (R()) = H(p) + Dy, (PIA)

TE X and Y are tndependent, Dm_(-{”(xzy)IIPﬁx)ply))zf)—?]ZCX}Y):O
Tt Haey are h‘fjhly dgpendent | Dy (playdllpladply)) s large - T(xy)

Pf‘a(oabilhy of Qeac,l/\iv\vj A before B

a(i): ] T€izA = Mready at A

a()=0 1€ 7= B DAleady a+84

a()= 2 PG4 = Land in state j with p= P(,3) and
futnre 5+ap6 20\(‘})

Posorp tion

MC with states 52 80,10}

state | T recurveat .

Let oli)= P(abaor&:ed w A X, =i)
Then a()el, alj)= 0 For all otvar dbsorbing sty
dyg= %"kplk

5+r0wj Law of Large Numbers
F rl\‘:g:o '\“M) =1, The ‘ﬂ/‘b#(tb”l\fv

of the average mean of
all Xa%s e‘(,"""‘l”/\_'j M ag N> s L

Discrete Time Markow Chaing

Stotes - re(res cnted bj circles

Central Limit Theorem

Whea n 75 lwgg, the  dbteibubion of the sample mean or
of dentical  disteibution RVi looks Normal,
Ngwdlex of the orFﬂTVLal At bution,
X,/Xz,Xg,,.,,XniImdepewd€n+ and rdemﬁaallj drs’rr;bw]'eclﬁ.f,d-) RVs

Each X has tean, M and  standacd deviabon,

sample sum

Sumple Sum’ Sw=Z % Els)enu  SO(s): fwe
""4"3‘:‘ T Ivur?o.mc,e
Sn L"/N(’M‘“/V‘?l) for ['a'/\76'4
Sample Mean' R, = 2 % E[KJea  $D(R) =&

4

wmean ‘/ Variance

2oz T2 A (o, )

2

"nzl\/(j,‘)

— T/
) for IW?Z V‘,\M o (o) G
Vou can define Bar 22ZE T E(20)e0 Var(8)- 1

|

21T

lim p(2,58) = & (x) e 72 44

N3

Vx when b(x)> _(_xb,

Troamsition  Probabilities 30(0\\7 out of any state shoald
add +o | ‘Efgoz)»\i Thn for Fa‘/\ih,ir/tdmible,mpcfriﬂgfc

T=MP, T i a vector of the probability disteibution

of Xu. T=[m m, .. Tfn] ,Q <A
To
o z | | @ /?@
. 0fr o o K 4/0/2
P oo/ 1 le 0 e N0
L (plr ,a/L 0
Al rows add +h O,

Represent Final states with o el leop of p=I.

So |vm7 .

Mean Retura Time. (onsiders
+o state L €5

the wmean  retura Hame

(‘l = '*ZI(: +k plk W("'L/Y
X, <k,

Fe B the expested ¥tme Yo uit A

\7?”/"1
Then 4,0, +,= 1+ 2hp,;
J

‘

A
LVTIL

—IV\ g@neml/ Led B be e tZu,a,w‘f-ffy (7»u Cave
abont ot Fue h state. Deride which subset o
stafes  exist sach that @ =D at thoje states

Thea Bk: o\(f<)+i Bob,, (k) m the spmedicte st of
59(47:74.,, State k.2 Thea  for all sttes, 4 goa can Froans i F0A
to from K, sum it By, ,uher Py i3 te prsbability of
7074\7 from k +o 4,

@ Write out balance eq/maﬁo\/ls owd j\%"ﬂ‘:l
Wi vepreseats Fraction o Fime spent at state o

Em’}ro Py
()= E[-logp(x)] = E Llog, o50]= Z; 70 'osfep) ot

Loalyhabet oF X

—avevage  amouat of wncertuiady[sarprise Mo X

*lajp—[&’) measuves  how sulprising a single patfcome x Ts.
“IF wgh plx), low log sty > high prb, wot suspriing
-TF low ch)/ Ir\,‘ﬂlc, 16‘7“-’[—(» - '.au Pn,@/ 5“’P"’37“j

[Ho T Trz]:[ﬂv T, TTJ I 0o »
e
plo ple O
o= To +7,p e Solve o all TF i tevna
.= Wz% of p-
ﬂfﬁ, U—p)
Ty +11, e (hain alw%s convesges b T

- Hryn entropy omore umv+a:r\1~y—>|m?/\5 tne oukome tells goa MBAC info

Maw kovian Rcucns,“bf(-"fv

Rw’wn‘/\y backwavds > fhe same as forwards. 3
Check: The probability of betmg M sk i awd jumphy Fo )
G(meb Hoe rolaabflﬁj of bﬁnj in j and J“W‘P”b” o i

Detuiled Balance:Tip(sj) = T;P(,0)

To guarardee T 5 statrorary Aistrbution

2.0 PG, = 2 0) £, = 1) 2(5,1)- TE)
SECI O\r”o}/p P
' Tel n-|
DB: Ty da s Mattan, ond 5 m=( > M)=N, |1 5 FIND Tre
] PATTERN

(D = RDa, => T (o) 2o =5 TC) =T, %ﬂ fﬁ



Shannons Random CodM&l Scheme

enevate 2™ fedewovnds ofF /614ﬂf‘[4 .

To 4ransmit message Kk, send codeword & turougy
te channel A rawidm codeward  matihcs on al

non  erdsed  bits witih p= Z'“C.

Random lj

(onditional Entropy
HERI%) =5 PO = x) B( 2| X2 x,)

HC2I%,) = H(Z.x) - b(x)

(2)= P(222) shodd aca ho The leff of 2
somedimes Q=) but #his > The Gaussian  COF.

X ’“'ECFMM\?(,V’,) » Ko~ Bernoulli(p,) | rndeyendeat
coin £17ps. 2= X, + Xz What = H(Z2/X,)?

H(2|x,)= H(2,%)-H(X)

S(\/\CC 2"_X| *\'Xz y kw@wl\
know X, and k‘,ww.‘/\\ﬂ X,
2, 5o HCZ/X:) = HCX’HXZ)

H(z1x) =KX, X:) - H(x)

tr(z(x.) =H(X) + H(Xz)-H() stace X, 4%, are
H’(%]X.) '—H'(Xq_) indeyend ent.
H(zIx) < po loglﬁ:) « (1-p2) 'ch "‘Pz)

Z and X, means
ard X,

0u
Ve An S yow kvow

Hondsha ke

lemma : The sum ot degrees of a )
is 2F. @ﬂ i

DC’(‘CA”@L{ Balance 13 wsed 1o \/C/"z\y d |0/‘8/096&0f
S-J—ah“ona-ry A3t ribution T asd gheck reversibility.

TL£ o stationary diskbotion cxish for a barke anad
irreduerble ML, al) states  are posibve  recarsent.
Pooi tive  recorreat  means  vecrmant  and E[T] coo.

So +or  an back 4o that

stute
IR -
-WC‘,)> E[’:rf_]

state 7, you il ceturn
m Y LiaTte bime,

Nall recorrepnk s cecarient

and EfTJ=e

Xo, X., arkov (Wain

0
| 5 5 T {0/ l/ 2;
Show Yo Y,,...

=M with transiton  vnaterix:
0] )
0 o
a
| 0 s not o Mavkeu clam,
Y~ d ™+ X:=¢

1
! {O otherwise

Solutron-

A>0, n=100, X
b where P(%2

— l N
XAl—VT X

7=l

oo XA Y Porzsen (/\) Use (LT + frad
cop)- b
Xi b.)‘ Lo

(_LTS)X/\'M ANQl
i (e,1)

20 Xw_"\_ A N(o,D
e

E[X;ji A 6=Vav [_X:) =A

_| v -\
P(Ra<b) =y — P22 ‘)

Lage n and < so ¢<——/I\‘;;}‘, ===
ANn

b -\ Ry
e ¢
= () 5
b= 97 (%) &
b"—d?—'('b)'%—r/\
- () 2

(onditional Probability Gg@

Event Partioning: A= AUAU...UAn aud A, A, are muhuall
exclusive. . L

Total mew;lﬁj Rule - P[Q]Lfg PlBNA{ S’g p[BMJP[A‘]
Staee A covers all of e samfle space,so jgou can
sam  Hhe pababilities ot B sad A W{;emry at e
Same  +ime,

Im)&pu\demw: Events A aud B oave Mdepcmdem it
kngwing oae  happencd doesu’t change the probability

of the other, P(a18) =P(A) ORrR
P81/ =P(B) (g
P(A N\B)=P(R)P(B)
Pairaise Tadegendence  Assume evewts A B C These art

pairwise  independent i€ AB BC, and AC are a4l
independent

Mutwal Tnde pendgace

Assume eveats A A, .,

An, The‘\j are mm"vw,llj
indopendent Tt cvery pessible growp of tuem i
independear. That  means every pair, triple e fe. are
independent. Pairaise Mdapemlemce doesn + f/vxplj mutug)
independence.

AUBTIE rg P(A:)

The sek of cvents A s mataally mdegendont
L the pn(ﬂqb?lﬂ'y that f’(»r,j all V\appem af the
same  Hme s C‘{‘W\ o Fhe pr@duc,‘r ot theiv

individaal Pmbnbfﬁh‘h.

Mavkeu P/‘E)V;efi— :The past gives w0 cera mfe abont
e fwhure beyond Tle preseat,
P(Yin =Y 1Y) =P (Your =y 1¥ikc)
WTS'! Mavkou la-/ﬂfcrf:y Cails -
Two scanarios
(D Present 3 the same

B Past drffers
B Futwre aréfess

C | (
\_@_/® XD;O/X':" XL:Z’X5$D/~-'
] Vo= 0, Y21, ¥,20, Yz20 Y=,

Past

w Me‘/c .

Fatwre

let Fadl P(Yie = [Yi=0, Y- '/0):1 {@,0,?}
P(Min=t [Yi20 Yoy=1)=D  L),0,0}
Pf&tmi

The WMartoy p/ap@wb Falls 59 y,,/Y,/ ook a M

BEC (hannel with evasave prowauflfr’y p=0-9.
Use clhanue] n=100000 +imes ‘o transmit message
ot [enJ’rl/\ Mmoo bits.

2) Mox leagth o w?

Sel For BE(, (=l-p=s 1-0.4=0-6

o = = 180000(9.0)-[€9000 078

b) Max = value 8= m ULSI\/\J Shannon's G@JP\/\y
schheme 1L Plerror)s 27
1t cobuwani Plern: for | codewrard)
¢
Rerro) = 2™ 27"C = ymmb gpm1eo
M= ( «-(90
men(~l00

m ¢ 100000(0-6)-100
me 600000 -0
meBhq900 btk

CO(/\-/\C(,'}‘@A v"aﬂ()h wi i v vesrtices N\,d E eclie_;, Consides
o random YV walk e~ This raph . Fromm any vertex v, move
~l—o one 0'(* s a \M&/H‘ \/ew*}l?,e; i fl’—'i'[';) where

J'(V): "L@ﬁlec of V.
a) Fird T(v)
TTL“): omt D‘F time 5'09/'/»;‘ at \// Ftut Fime

To get b U, you have tp arvive fom  sne of
ey i
Alv) cdges. There gre 2[E] total cdges. So WC-/):Z%‘%»
E

Detailed, Balance = T P(7, 50 :T]SPQ/;)
ﬁ(:)-jg)-.Tr@)-j@
Ll RN~ s g

201 46 2)g) 4l
i 4
2l 2IE
Detailed  palane  holds o n‘cv)ziz‘_%,
b) Show Hhat M( is reversible,
Oetarled  bglance Wolds so the MC 3 ceversidle.

C) V)C"/J) =P, £ 4l pais rfF states , w0 self
leaVs, P rove PﬁST‘H\Jr‘— veenvrent  for all states

Proboyly gpend equa twme at e vertes so
mr)ﬂvﬁ.

Detasted  balance . TTL?)-_[—\(”— -
(hain B finife  So E[,T;:(:' %]C—‘S = [v] e
Trreducible: The graph

my) v
/

s connected  avd the cordifion

p(_T/JJ =P(i, ) means $oA  cdn (qg-/— Loom  vertex 7 to
vertex j b any i j EV. S il stk communitate
pach  the gm,ah > ~edacible,

Mutual fn Exclusive Events

LAY

PLUS M)= & P(A). LE events are W“"*‘MI{/ exclusive, the
iz

of Hacir umioh o tae sum of theis individual

P/‘Obu bilit
no  double LOLMHMJ.

Pmﬁah[ﬁﬁes as fhere s

Bq‘dcsfam Laference
D= anknown parawctor, what gou ave toging to solve for

Sa o Uhdve 4 cota, and doat kuew if
Vicsed. Then, &=Ffair o biased

Assume  For  Q=faiv : P(heads)=0.5

hssame for G=biased: pcheads_):o‘ 9

1t fa'r er

@Pr‘:‘a/‘»wkq‘(’ Yov belicued beforc Sae'“/ld the datq.

Ex: 80,
P(6=tair) c0.%, P(f=biased)=0.2

©L‘.L6[;"’9°d’|ﬂ/‘obabm‘f\7 of the oufcome observed given values of 6.

chance coin Ts  fair

Oatcome =heads: P(heads) 6= fair)=0.5
P(heads| g=brased)=0.9

@pt)sh:-m‘s/'—wlﬂaf gou belicve afttes Secing the data

O=€air: 0.820.520.1 Notmalize 21 _0.1%
& =biaced:0.2x0.9=0.18 . 0YTE T (0ys00s
\ )
|005+e,,“°/: 0.69 0.3)
Posterior = (Prior x Likeliood) Nosmglized
P, (8) - p (x18)
. ] xI@
PQ])(CQI") A Ppl®)  pyio(x18) Aup ‘oe;x("") PR Riel il fa

px ()

Unbrased estimateor | manipulate E[éMLE]:F(B) +
stlo."(‘_ 9/‘“/\,5,/\ Plnj in Kknowan va lues > solve for &

German Tank MLE R g= max(x,, --yxn)
—Unbresed estimator: 'Gw\b?ascd 55:" R’MLE -1

Se ‘H/\.O ML ™ fraitfe and ieveduable so iF B
pos itrve  recevent,
Poisson process interarsival - Hmes avce Exp@),

Poisson  Processes dmeged st 7o Afw

COMW&*‘-\

ik ; G i ifv
n P9m+1Aj PnQac" /’U R/la-m Ay -
Liktlinogd —vouting 0F cach obsepvation times
wart e for WL‘ ﬁb_sc/‘\/‘m [‘/\A/\,

Mox imum A Posterionri (MAP)

Pick +he value of 6 that makes the postevior as lavge
as  possible.

® Write oat prior x likelihood in terms of O

@ Take the wnatua) leij and sim’oh@.pf@/\'wfs Yecome sums.

B Take the devivative with respect to o or partral de~rvs 3¢
4 p

Ly )
® Set the above &{m«l to 0 and solve for 6. n;:m:««e(r-cq

arg mox, pe(O) p(x16)

Maximum Likelihood Estimation (MLE)

Same 5+€p$ MAP but no priovs.
@Wﬁfc out Irkelinoed 4 terms of &
be comc)

@ Take Yhe wnatucal lo\j and s?m'ol;#y_(Prkocfs

R s
@Takc the derivative with respect to b. "’afh;? derio
@ Set +he above ec{ua) to O and solve tor G. T v ltjote

Pﬁb’\fwv\gfgm
arg maxy p(xl9)

as




LLSE/MMSE

YOm have 2 RVs, X aad Y. You can observe X, but
want to know Y. You can’ observe Y directly, but X and
Y are concelated, so knowing X gives yoa Some info
about Y So givew X, whatr 5 your best guess for
Y.st«{— mEquns antmfzmg Squoaved evror:

LLSE(L?V\eaw Least §q'uomcs Esfl“/}'\a'l"\on)

Guesses for Y can oaly be linear fanctions of X
Yz a+bX, find fhe best a aud b
—evrdr Ts orlboqonal o lineas Fonc fans of Y
LLSE of Y gheax: " o
cov (X
L = — -
[YIxT=E (V] o ) (x- E0xT)
I_\__E,_—J
baseline gquess how  michy gou adjust guess per wn'k of

it you khew

*\Ojrhh\ﬁ abest X
Squared Ercor ok LLSE:
E[(,Y“L[V(XJ)Q:{: vaf(Y) -

X. Law;yer* i X and Y ace $+rbnﬂ|J correlated
and 0 7€ H“ﬂ are Wicorvelated

cov(x,4)?
var(X)

L& error s small, jood guess, X was usefw| for
the pf&dv“c,lrfon and X ond Y are more corvelated.
TL error > large, bad guess X wasat useful for

the prediction and X and Y ave less corvelated,

Rate
Rate &

Now-dragonal entries: Q(7,))=Qijz 0 (the vate i)
Diagonal entries: Q(1,i)=-4: = -% a5

Rows of B sum to O, this s a

Ma‘l‘ffx
Matrix

de f-‘wf‘nj Ig'h"/oe"{}"

5+a+/‘0naw\\j Disteribation (CTMe)
Ta=0 and, 27";: |
For eacnh statei:  Tioq; =‘j§ Ty 44i

vate ent  pote tato
of i H

Da{‘ai(ed b‘l[""“a:W(f)O(r,j):TT(J)O(J/;) o ol iy

MMSE (Minimum Mean Squave Ervor)

Po[b\so‘/\ R\/s TV"\A ks
K~ Poissen (1)
Orix i on), . :
) = N . Ae” - A
P(x=k) = i POx cvem)- ; —(5%)7 = f)"mﬁ (24!
Tadlor Series! EA:“’\*% *%3,‘
AL a L AT N L
4 ——l )\+-ZT g,—
>\?—~\ e’\*g'A 2\-2
So cneto23 35 2SS 2 6
A2~ A e)\*e-/\ 4
e‘/\im = e ( 2 )
B B € ve A
B 2
_ lre
PC)( cvc-/\) - >
@ E[x:
Elx(x-D]= A
E[x=x]=A
Ex]= B [x2=xJr E[x] = A*¥A
E[X3] = A2rA
H\t/u'po%(’ﬁé Testing
Observed  data x comes from eifher wmode| H, or H.,

we're  H Y to decide which onc.
H, (nall hmop{'kesu): defanlt assumption
H, (alternate Ml‘jpo{'uas;‘s)twha‘r L()Om‘rc HyMj o detect
Dcsrgn a  test b:j P‘Yk?"j an acceptance /‘ejl‘on ATF <€A
gou accept Ho, otherwise veject Ho aad go with H,.
Errors:
@T})pa I error: Ho is true, but you fcjccf' 't
~Prabab?lii~\j of false  alarm (PFA) = Significavee level=n
@ije 2 error: H, is true, but gou accept K,
" Probability =B

Power: Probab/‘(:’fj you ca/‘/ccﬂj detect M,
—pl‘eba[o”f*ﬁj of correct defection (V(D):}——B

Mlow any Fuuction of X as
best one | with wo restrictions,

MASE of ¥ given X3 By B wcfuogensl B all fanchn
) .
E[Y,x] - condiFronal ax,ocdm{-raa of Y 71‘0@/\ X

ouv [714@55,F?nd tiwc

(T MC A‘!)eocha,+79W>
chd\: &Xp@c{‘od tme b veach state Al
d\Ci) =) it =A =hlready at A

d\(?)z,’{\"' tZ %?‘ a()) =2 time spent at T then Jump te

1 with p = _‘;J and coatiaue.

Pmbabilhy of Qeac,l/\wy A before B

a(z 1 T iz A = Already at A

d\[i):O Ttz B :7Almmdj at A

a(i)= Zii «(j) = Land in stafe j with pe ‘Z_J_ and
LA future 5“)'4’105 ;o\(J) ,

Variables

Gaussian if all
a vprmal

Jointly bGaussian Random

x.,..an are  jeocntly lrnear
tombinattons of tnew follows A tributioa,
-SX,-3%e, =7%,, Xu +lxe, etfe wst all be

normal
- all weghted sums ot the form
most  be normal
:)-oivlﬂy Gaussian RVs
wnconelated (cov20)

alxl + (AZXz ot anXVI

are  independent (Res “"U are

RUs, MMSE =L LSE :

For Tomflj Gaussian
E(YIX]=LVIX]= E[%]~ ‘i“ii;? (x-E[x7)

JV\W\‘Q (haine
T e Jup  (hain s the embedded DT M( Yyou get

1,? ignoving koldmﬂ Himes  and only Hackmj which
IS q,’rcs

UOM visk.

P Qoo pfs e BG5)
T/‘a/\élJ—loV\ P/‘Oba,b'li{’ICS\ p@,))— q—
Jump chain and (TML dont have the somc
stativnary disteibation, T geneval, because
the Jump Chain n‘\cjnav‘e; how Latfbj gour spead

M caclh state.

Likelihood Ratio/Neqman Pearson
Makinﬂ EN smallcw(be?n\y move  (oasecvative about refecting

Ho) 'I'Q.Vl_dS "'D Md/‘C B byycr (\70” Miss de{ﬁch‘my H: mg/(_)’
| v (N = pH,LxJ Usﬁ VMF}P,QF al,cpa/ldl/y
leel'[/lBOA p\q+ID 'L[x)—h"j on [J‘".S'F/‘fbvx{'ft?/\

-measures how much move likely s x undes M, than
Ho T4 L) 75 la/ye,x s S"‘/‘a/rj evidevee fo- R,

Likelihpod Ratio Tesh:

“If L(x)=c¢, veject Ho

-TE L(x)<c.accept H,

=T¢ L®=¢, v/*c\jéd’ Ho with p=Y and accept  with p=|-Y
Prek ¢ st PPRzz = P(L()>clH)=2 where 2 is the mo
PFA 30«'/& w.‘llr/\j to  +olesute SI"H.(L(><J>cj.m(.pm(l_(,()n)

Tustead of solvia L()>c, you can solve for x>t wher
T omooa stmple Fareshold, Daly works T+ L(x) Ts always mereasing
e P(X>+1H) ==

Solve  For + wshy e CDF of X,

Wheaever LX) 75 a product o exponential, can  take
+he lag‘Ta_k? Hee log ghould pretty much always e the
Eirst STtep oftes woithg out LR

eu

LLXI\(, 2] T/L[X,Y] + L[X,ZJ o,\lj whven Y, 2 a/ﬂw\?anwl
and X, Y, 2 2ero mean.

When fere s mu[tiple vﬁr‘vw" BVs  the ®rmulq fo-
LLSE Ts !l

LIV IX X1 2 ELYT+ Leov(Y,x) cou (Y, )] {w(x.) w@-'@]"x,—etx.l
cov(x.X) var(X:) | [X, - E[x]

e

Kolmogoroy Equatioas ((Thc)
Matrix PU)ZE-MVD (i)

Transition Frolbab Feity

e pﬁv(o«b-‘lh‘\»] ot b@ij in state J at time +
33‘“"‘" yoa started ™ state .
P(t)=e*®

Plset)= P(s) PLY) where szamt of +ime already
c\mpsed,mn,d t= additioval e atter flat

DT Mc A‘!)’olrca,ﬁam

Let A= & of steps betore reaching state A

al)=0 i+ “A=hlrady at A

d\(f)= 1+ ZP(‘/J)‘*LJ) =) é‘h’_y? feom 7t J [ﬂfﬂ/ e 37['@/5

Pf‘ababilhy of Reac,l/\il/\lj A pefore B

ai)e] THizhA > Alreadj at A

w()=0 €= R = Already at+8

(i) 2 PG A() = Laad in stafe J with p= P(i,3) and
Fotwre 5-]'9,‘05 ;d\(‘j)

KO\W\OSOY‘O\) Eo,vu\afl‘”m(OTMC)
prrme PP

n=H# of 5+cf>5 ml/‘mdj fuken

mz= H of additronnl s teps after that

Esuntm =totul # of steps

Pk: Yransition matriv +p the Kin pOWE, w heve gv,-“]
(r3) & The probability of going Tvewm I o | in
CXO&C*‘(J k 5+8f$.

Randomization

When X 75 discrefe, L(x] oaly +akes o few specierc values,
For example, possible PFPAs ovrc 8.2 or 0.5, but yod negd
PEA-0.25 e)«o[ul‘[j,

Pick tne  threshold A Hat
z. ﬂc\]eu(' wi Fh r)r@!ﬂmlo,‘l;f Y.

2-P(LO) =2 [h,)  €remaining gap (how

‘97\/&8 you YFa Just below

wuch more PFA

T s need
V’CLLxJ:)\“.,rD) ewhat full vejection adds cedgd
NP Process
£(xIH.)
4 > Lo all ouwfcomes x.
O tompute L0 gy
@ Sert outiomes é?y LC&)/M/‘;/RCJ‘F to lowest

@ TWJ cac L as +(/W<’$I/lol.() M. For Eaclh, COMPW‘/L
PEA =sum of P(xll-}a) £or all oatcomes x W-Me/ﬁﬁ I
L(x) >A.T¢ gou Tave  an ac[q,q,“?‘o« fo- L(;xi/n 4;\& M

@ Fird A st PPA Just uvader 2 without excceding

| T.
@ Fiad Y from foomula  quove
® Use Likelihood fatio test w/ A as ¢ to dewde

CTML - Stptes muwst be mke(/w&ew

Th a DTM(, trans ifions ha,o,aem at fixed *Fime
S’rc‘ﬁS- Ta a éTIMc,jou onLj know The vate at which
eath traunsifion ovccuvs. Rates corvespend to
exponential RUs since fhey ave the 0”129 Contrrwous
memoryless Arst~ibatfion

(TML $ollew the Movkeo P/‘olpe/ {The past gives

N Exta e about Yhe futnre beyw\,d tle p/a,se,,\h
PCY{H cj lvf)-”P(Yrel g{f”-}‘fn)

How it weorks:

View |:

Yow/fﬁ in state 1 For cachh nelghborin ¢tate j,

theres a sepavate ¢lock tickmg at Expoacatral(y;)

Yime. RU clocks ruwm Sc'/me)‘/‘a:/\cau.slj/ whithever goes

off fvet 3s wheve You jump.

Vicw 2 CEQ'A-\IGIGVI +): |

fou are esseatially leaviag  stmte i at dne wintmum of

independent cxpsnmﬁa[s_Tka ifselt s enponential
the rate beT’U Fae Suam of all rates. Thuss

When do T leave? =2 Exp(g:), wheee 5 13§ 1n

Mean fome  ta state 7= [{7

Go to state j with =-§\i§-

chcws?[o([;f;’

A (TM( = reversible if:

@le sabrofies defailed balamce for some T
@T+ doesu+  have cycles

® Tt has cycles, but  Hhe product of the srates
One directon T equal to twe Product of fhe
rates of Yhe other direction.

%)

A DTM( ™= reversible if:
@I‘l' sabtiefies defailed balance for some 1T
@ Tt doeswt have tycles

@I‘m“ has C;jclq, but  FHhe 'gfod,%d’ of Fthe Fvansifon
probabilities one  dircetion T equal o the
Proo‘.wg} of flhe transition P/‘o!ﬂab.‘l.‘h‘m in fMe
ofher

N
m

Oll\/‘(i(,*‘?Ol/l R

with

Poiﬁsovx Processes

A Poisson process PPC/\) s built from r.id.
interarvival times 5,/ SZ, L Ex,g(,)\)

time of Yhe wth arcival, Ta=S, +Sz +...+ 5,
N(t) = # of areivals by time +

NGk 6D = N(K) NG =Hof arvivals sa i terus) [+.,1,]



Poisson Process Properties
M Stattonar

number of avivivals
an:j

%)
tatesval [+, ++s] olepe‘/\d_s on}y on the 16/117*)'(4 3,
wl  where T+ starts

incremente - The

SN tes) 2N()

@Iv\dewendfﬁm nwrements Arvvals in nen-over lapping
intervals  are tndependent ot each othev

() Poissen Distribution: The B of arcivale by +ime
+ Bllows a Poisson disteibutbon
- N(t)~Porsson (A1)
-P(N(H) =) = (AN e

nl

with rafe AF

Efla\\"ﬂ Distribution
Tl‘MQ

of the nth arvival
~Ta~Erl A
_vonwp . f%: gtk
T (n-N1

Merging Poissen Processes
R AL

Ta =Sum of w iid Exp(h) RVs

T N~PP()) and M~ PP(w), Ne M~ PP(Ar)
5pli++inq Poisson Processes

Let N~PPA).

Each avrival gees t stream 1 with probability p aad to stream 2
with pfobq bility I-p. Then :

N, ~PP(Ap) and N, ~PP(Ali-p))

N, awo{ Nz ave Mdependcm*.

Random Tncidence Property

For o Poisson  Process that has been vuamrag for a

|9Wj {ime

Le Yo Lk oan  arbitrary thme +, Yhe iatevaveiva)
time ™ containt t has leagth fﬂT[x\;s s because
Yhe

time  smce the last arvival before t has
expected value

%, and  same

for the next avridal
after F This :;:’ in fotal
¥ ox i x
+ +
I'V\Jmf{'«‘v&/j,4’ > mere likely o land ™ lowger tntervals
So the

expected ’Wﬂi’h ot the infevval + lands
I la./yer than the average tnterval

A

}ewjﬂx\ ;\'-

Randowr  Graphs

G(m,p) s au undicected guaph wifh o vertiees wheve
each of the (3

possible edges appeavs independentiy
with p/‘obabfli{y P
Facts

“ -1
O E[# ot edges] = (Mg = ﬂCQ ),
@Dcyce of 4 vertex:0~Bmemral(n-1,p)
-E[p]=(n-1p
@ Probabilify a vertex i msolated : (1-p)""

Whea p=, the degrec D~ Binomial (-1, p) =8inomial (a-1,
This & & binewial with large v and small p 5o by the
Poisson apf/*oKTma,ffan to +he braomial, it approximatel,

Poisson (A).The wean 7 (mvl)% A Tn 3emev-q| " Btromial (o, p) %
Po:\ssw(ﬂp) Wheny A 5 La/7¢ and P s somall

Sharp Threshold  for (sanectivity

As ou Tacrease

s>

from O +o |, The graph goes

+p 'FMl{j comnected, At what value
P does T+ “suddenly “become connected?

£rom empt

In v

P¥ =
For the graph b be ﬁxll\«j convected, there Mmust
not  be any solated wnedes:

Tihe probab'a l;f-j

a given wede i= Ppolated i (1-p)"'x
e (0 The expected umber of idolated wodes s
neePl) plqﬁﬁv\’\g ™ P=‘—3\A7

lnn . fn-
V\'C—P(A'DQV\'?--—V‘Q tn " nee s peenfe) :A*;.L:I,

So af P:‘_""\iﬂrl/\e cxpedred H of 3olated wodes v |,

So if yst/l Scale P up, i g9 fo 0, and iF f o Scale
i+ down, Tt 3045 to 00,




Bosics

P(AnBd '
Condickon | P'o‘mLill“lJ‘ PCAIB) - (PACB> .PCB) >0 Erosue Cromnds & (°A'_“9
Total Probobiky 1 PCED = Z PO PCBIAY Binay Erasone Channel : marks bidi oy ervsel w/ pobabilfy p
CGP%'-'('J = I—P

Boges Rule: PCA1B): PCAY PCBIA

49>

B:

R o
Union Bouul: P('_[:)l A‘) < ;=Z| PU-)

Iepeden ce: PCAIB)=PCRY o PCA A BD=PCA) P(RY
P wise [ndeped ence: everg poir of RUs 15 depandent (_does rat twply whoal )

rony Sbmrelrr-‘c, Channel: Flips bits  w/ pm‘oq\oilﬂn p
Copocity = (- HG) = (- ["Ploap - Upd log U-p]

/
Conditianal ldepedevu'. every subsed of of RUs & indeperdtvt  (imples pairwise) a/\“n’m“ S m"c\dw\ Coc):“\fﬁ
R(m\om Voriab\@ mesS by of [, locts
Discrete PME/PDE/CPF  E[x) Vor(X) MGF encode eodh 2° possible. mess ages to an bit  codeword
Un: borm Cﬁ,b) PPCX’K§ =F-Io_ﬂ _o;;:b Lb-oll;i)‘l-—l FI:?u g-‘-((’-e::-t*l)e) eodh ¥ bebeen (o, U ev‘““\g (_-LE(_‘, ro‘(c_ Qc' L/n
Bernouli (P Pr(x=0)=kp; Pr(x=N)=p| P pli-p> I-ptpe’ one con flip w/ prb p |
Binomial (n,p) |Pr(x=1d= (";) p* (—"P')n-k np PpCi-p> [ Cl-pepe” B of swosses W awn flps BsC: ‘ovb(g of a weong code wonrd """‘(J’\"‘@ ok N“’J L)I,(S - -‘*‘—2 nCFHIPYD
Geometric (PO [P (X=K)= (1-p>*'p % | 2| e B oof Anils befve first suecess |
Possson (XD Pr(x=k)= -,—)f:— e \ A erlef-1 B of everds i wndow, BE‘C \005 of o wrong Codeward MJA.':) on  unemsed Lh‘ﬂs q >N Cl~p>
Expenertial (N) ‘Fx(‘)=Ag_) * I'—;Cxﬁl—e‘h‘ Yn Ve % wailivg twe o nexf evert
Gaussion (4, 5) |6 e ¢ s o e’z shope everylhing converges fo
Un:form Ck: ) L= r:—‘:- 2%_’2 “’l'_:y' sfo? e:’(;f:; 10 avmﬂu [-'l«ld WM &~ rong-e
Er(un% Ck, X) ?PO(:B)-'(X:):‘-I e _M>/C?'|)_ k/ L/ C)‘/Ck'é)')i‘ waithgy twe wrtl l"‘l‘ everf ; sum o# k «p
MGFs

-4
M (9 = B[] :E‘:e"‘ P(x<¥) =.; e £, () &«

d"M(e)
dsn

Derivotue of an MGF: o : J\x"ﬁ(f) dx = E[X"]

s<

Uv\icluems o MOE: M ()M = X=Y

f)‘..%'— X, Xa, .., X Gid ) Convergence. olmasf Svﬁb =2 in F"’b°b:h+j = in dihbufon
Smple_/Emp:ricA Mean: Ma =& T X | alwest s\mrz\é! (Xr\):-q Convelges  o.¢ to i
Pliwed : fm %=Xl o
True [Poplokion  Mean: E[M): 5 T E(x] = £0x] P("™ns o Xn #X)=0 or
Yo 22> X
Vortame VNCM,\)=“—\; Si-VorO(.') - n \’NZCX.') - \/gu'“CX.-) |
n i = u a.
oy n—>P, VwLMn)= (o] SLLN ><y\= ’}7\ :-Z.Y" =2 ECX,)
WLLN: i P[4 E % - EDS| 2£)-0 Borel - Canlells: f PCAS ¢ 0 = P(Anid)eo
- _ = _ o
CLT: )ilh_ii': :nﬁ\_(Xg_ M> KN A/(O,D g F(Ah)‘: N qwl CA m),ﬁ, l'PJ@p!R!IIr-(
T = F(,Ar\ Lo)=]
C N '\'ro.“’io Beum\
e in_probabikty - (X )my  comvayes ip o K€
Morkov Bowd: P(x 20> £ —% for on-neg X hﬁ:\» P(IX-X| 2€D=0 or
i .
Cke\a:,skev: F(lx'Ml Zc) < :—: for >0 I Xa ?x
o Lol e Xnyp. conv id 4 ><\"c
. G Z wmin MX(S) niald s I GisTrsbwkon AIS"’Y'LI[\{O“ I ( =l qlS% °
Chomtts PO & £ 72, HaCD oot aay | G Tl (TR
~SK H
P(X < 0-) é_ min E e J C""SH fail) XV\ _L'>X

$20 esa

Eh'('POF :) IV\(:W‘ mo{':on TL\EM‘J

H()‘) = EC(OG f,)l(_)(_ﬂ: ;P(f:;:)léj(';cl:;) = - ; P(X=K) lod P(x=x) / d)’UOGe S\W‘P/‘"SQ_/MFO
om o(osc,ruw\\a X
Condifional wampb: H (X IY) 3 %pc‘("lﬁ) H CX ( Y:3§

i % POE9) T PUX1 Y= 9) 5 Py ) & & fevan,

= HCY/Y)— HCU) Wneer "WB n ofte~ Y
Unain Rile of Erdpy. H(X ¥ = HOY) e ROXIYY = HOD+ H YK

l"\u‘(’m‘ {h(:ormohun'. ILX) Y) = HC)()' H()(l\f> = HC)C) t HC_Y>" H(K Y>
- how wudh 10 formo Lon gives abont X

CIn gwne! ('0‘()“"43 C- Mo, T 5 mwbual in Comokan Woimin <l over  po
[ x Gkb'(m{bu‘bvw , )(
> O D = HEY) - HEXIx) e Fixed

N moximize +hy



