
Variable

Takes uncountably many
values (any real number in an interval

↑(X= a)= O because a single point has no width
.
Instead of P(X =a)

,

P(aX1b)
.

What is the probability that a RO lies in some interval ?

var(aX ,
+ bXz) = avar(X,

) +2ab - cou(X ,, X))
Probability Density Function

+ b"var(Xz)
The PDF is the actual curve of the distribution. Probability
is the area under the curve.

usually 21 E = Jxfx()Properties :

& Non-negativity : fx () - 0 for all X
. = S % P(X2x)dx

② Interval Probability : P(a = X = b) = Jafx(x)dx
D

③ Normalization : J-0fx(t)d+= 1 Total probability sums to

Cumulative Distribution Function

Fx(a) =P(X = a)
.

Gives the probability that X is to the

left of a P(a(X= b) = P(acX- b)

Fx(a) = (ofx(x)dxFx(x) = fx(x)

Properties :

① Non decreasing : Ex (x) never goes down
, only add probability as

- a and a refer to the boundsyou go right.
of the domain of X.

So if X is

② Limits:timFx(x)= 0 xF(x)= 1 only over a tod
,

use a and d

instead of - a and a

Uniform Distribution

A random variable is uniform on an interval it every
value of the RU within the interval is equally likely

XwUniform (a, b)
,

where ab is the interval

PDFix = &bab (DFF(x)=
P(cXd)= interval of probabilitie

interval of distribution

Var(X) = (b)E(X]=
b

Exponential Distributions

Models waiting time until an event happens
X Exp(x) -> X = time until first success ,

X = rate at

which successes happen

CDF : Ex (t) = P(X = H = 1 - e
-Xt

PDF : fx(x) = Sxe-
*

XerwiseP(X >x) = (1 - p)x
Probability that X happens

P(a(x (b) = Jaxe-+
dx by+

Survival function : Probability that object survives past +

Sx(t)= P(X - +) = ) - Fx(t) = e
-

x+

E[X]= Var(X) = **
Memoryless property : If m time has already past,

the

additional waiting time does not depend on the

past . P(x > m + n(x) m) = P(X > n)
P
P(x(a +b(X - a) = P(X - a + b

, X >) P(Xatb) -Eat
I - Fx(a)P(X > a)

= e -x(b + a)
= e

- 1
= p(xcb)

2 -a

Normal Distribution

XwN(m,
o) means X is normally distributed with

mean u and variance o
I

e
- (x -u)2/(2x)

PDF : fx(x)=

E
b

X - MCDFPXE+P(a = X = b) = (afx(x)dx
E[X]= u Var(X)= r

X-N(M ,
w)P(w = x) = (E)

z : Ar
Sum of Independent Normals : z vN(O, 1)

Discrete vs. Continuous X- NSO
, 1) and YWN(O, ) P(X = X) = p(z = (4)

Discrete Continuous
z = aX + by - N(0,

a+ b4)
E(x] = (% afx(a) daExpectation E(x] =Ea

. P(X=
Joint Densities

P((x , y) (A) = S(a +xy(x ,y)axdy
LOTUS E(g(X] = [g(x)P(X = x) Elg(x)] =(og(t) - fx(t)dt

Normalization condition:xi (x , y) Andy = 1

Total Prob PCBJ= PIBIAPLAS PLBJ = /P(BIA) fx (t) &t
Marginal Density : fy(x) = Jo +xi(x , y) de

Law of Total Expectation : E(X] = ECE(X(Y]]Variance Var(x) = E(X] -(E(X]) Var(X) = -xf(x)dx- (Jax+ (x)dx))
Ex : zvN(u,

r2) & AvUnit)0,2) .

What is ECA] ?

E(zz = Var(z) + (E(z])" = 02 +y
Law of Total Variance: Var(Y) = E(Var(Y(X)] + Var(ELY(x])

ECA] = ECECAlz]] =El] = E(E] = EE(z] = =(03+ mi)

PIELE[XIY]]= E(X(Y =yi]P(y = yi) = &([xjP(X = xj(Y= y :) P(Y =y:

= [x[0(X = x ; (Y= yi) P(y = y :) = &X; P(X = xj) = E(x]



Markov Chains Classifications

① Accessibility - State ; is accessible from state : if

there's a nonzero probability path from i to ; in some

number of steps.

& Communication - States : and j communicate if
you

can get from i to j and vica versa.

& Irreducible - A chain is irreducible if all states

communicate with each other.

⑨ Recurrent - P(Xn = i (Xo = i) = 1
.

Given that state O is is

you are guaranteed to return back to i EVENTUALLY

Transient-PCXn = :/Xo = i) < 1
. Given that state O is i, there

is a chance you never return to i.

& Aperiodic -GLD of all paths from a node i to itself

is 1.

Period of State i : Find all the possible paths to

go from state i back to state i
.

Record the step

count for each . Take the gid of all the step

counts to get the period of State i.

IF A MARKOU CHAIN IS IRREDUCIBLE
,

ALL STATES

HAVE THE SAME PERIOD!!!

Aperiodic
Period of all states is 1

.⑨Cou(X,
X + c) = Var(X)

Fundamental Theorem of Markov Chains

If a Markov Chain is irreducible and aperiodic,
then

for any starting distribution (i.e. 20.5 0. 53 means 50 % shance

start in State O and 50 % in State 1)
,
the probability of

being in state i at step n converges to the same value

# from the invariant distributionIT
.

Formally,

if a Markov Chain is irreducible and aperiodic
,

(= 1 - H(p)

-
( = l - p

then for
any initial distribution No

,
we have that

In & It as nex , and It is the unique invariant distribution

for the Markov chain.

Markov Chain Applications
- distributions p(x) . Let X = # of steps before reaching state A :

C = max
[(XiY)

,

C is the channel capacity ,
the max rate it

2(i) = 0 if i =A =Already at A

at which info can be transmitted reliably , measured in bits

per channel use . Reliable if min C
.

Max m = n[ ↓ (i)= 1 + [P(i , j)a(j) => Step from i toj plus future steps

KL Divergence
D (p1(a) = [P(x) . log. This measures how different two Probability of Reaching A before B :

distributions p andg are . D(p11a) is always =0 and equals ↓ (i)= 1 if i = A => Already at A

O only when p = g everywhere .
a (i) = 0 it i = B =) Already at B

Interpretation 1 : How independent are 2 variables ?
· (i)= [P(i,j) < (j) => Land in state j with p = P(i, j) and

Dkx(p(x, y) llp(x)p(y)) asks how far is the actual joint future steps =< (j)
probability from the independent joint probability.

If X and Y are independent , Prc(p(x, y)/(p(x) p(y)) = 0 - [(xii) = 0 Absorption
If they are highly dependent , Dr(p(x. y)//p(x)ply)) is large -> [xi) MC with States S = 20

,
1
, ...,

03
is large

Interpretation 2
:
Cross Entropy StateI is recurrent

.

Truz distribution = p but you don't know it, so you use Leta(i)= P(absorbed in 1/Xo = i)
& as your best guess

for encoding.

# P was known , encoding = H(p) bits
, the minimum. Since you

Then a(i) = 1
, <(j) = 0 for all other absorbing states

.

are using & instead
, you pay a penalty of Pr(01/Q). de = SerPer

So Cross entropy = - & P(x) log(Q(x)) = H(p) + Dx(p1(Q)

Discrete Time Markov Chains Mean Return Time : Consider the mean return time

to state ↓ ES
.States - represented by circles

Transition Probabilities going out of
any state should ~ e

= 1 + EtoPek where to is the expected time to it !

add to 1. Ergodic Thm for finite
,
irreducible

, a periodic given Xo = k.

- ML
L

#= TP
,

it is a vector of the probability distribution Then te = 0
, + = 1 + StjPkj

of Xn .

I = [to H , ... Tn] A p/2

re=-

> To ⑧ ②I -P
2

O O
⑨ In general , Let Bi be the quantity you care

p = Fromt I &Don about at the ith state. Decide which subset of

State
states exist such that B = 0 at those states

.

All rows add to 0.
Then Bi = <(k)+ &BePie .

n(k) is the immediate cost of

getting to state K
.

Then for all states
,
I

, you
can transition

Represent final states with a self loop of p = 1. to from 1 Sum its Be : Pise ,
where Pike is the probability of

/

EN Solving :
going from K to b

.

① Write out balance equations and Mi = Markovian Reversibility
T #; represents traction of time spent at state i. Running backwards is the same as forwards.

Check : The probability
[Ito IT

, ic] = [To It
, iT]

I
I O

9
equals the probability
fbeing in statei and jumpingois

Detailed Balance : TP(i, j) =jP(j,
i)

p ⑧ l -p

pl pl O To guarantee it is stationary distribution :

Ho = Ho +#
, p + T2fz Solve for all Iti in terms

2.(i) P(i, j) = [ (j) P(i ,
i) = T(j) [P(j, i) =(j)

Mi + 2

Ex : 0 ....
08oT = Tzb of p. in

....

xi+ 1

Hz = T, (l -p) DB : HeAn = Anx, Mur and Eti)=(h) =No FIND THE

To + H
,
+

z
= 1

Chain always converges to it
↑

)(0) x0 = π(Du ,
=> π()) = π(0) => (2) = To-

PATTERN !



Null recurrent is recurrent

and ECTi] = 0

unting.

Bayesian Inference

O : unknown parameter, what you are trying to solve for

Say you have a coin
,

and don't know if it's fair or

biased. Then
,

o = fair or biased

Assume for O = fair : P(heads) = 0 . 5

Assume for O-biased : P(heads) = 0 . 9

①Prior-what you believed before seeing the data
.

Ex : 80 % chance coin is fair

P(O = fair) = 0 . 8
,

P(O = biased) = 0 . 2

② Likelihood -

probability of the outcome observed given values of 0.

Outcome = heads : P(heads/0= fair)= 0
. 5

↑(heads/0 = biased) = 0. 9

③ posterior-what you believe after seeing the data

Offair : 0
. 8 x0 . 5 = 0

.
7 Normalizeis

0 .
18

O = biased : 0. 2x0 .
9 = 0 .

18 0
.

4 + 0 .
18

↓ ↓

Posterior : 0. 69 0. 31

Posterior = (Prior x Likelihood) Normalized

Pox(01) <Po(QPXIOIO AND Poly (01) =

Pola - Px10(10)

Px(x)

Unbiasedtimator: manipulateEmo to

German Tank MLE : Nice = max(x , ,
. . .,

Xn)

- Unbiased estimator : Nunbiased =Nice-l

Maximum A Posteriori (MAP)
Pick the value of O that makes the posterior as large
as possible.

& Write out prior x likelihood in terms of 0
.

② Take the natural log and simplify· Products become sums.

③ Take the derivative with respect to 0 or partial devirs if

multiple# Set the above equal to 0 and solve for 0. parameters

Poisson process interaival times are Exp(x). ang maxo Po(0)-p(x 10)

Maximum Likelihood Estimation (MLE)
Competing Poisson Processes - merged rate is N + M

and routing probability is lim Same steps as MAP but no priors.

Likelihood routing of each observation times ① Write out likelihood in terms of 8
.

wait time for each observation. ② Take the natural log and simplify· (products becomeyums

③ Take the derivative with respect to 0
. Partial deriv

④ Set the above equal to 0 and solve for 8
.

if multiple
parameters

arg maxpp(x(0)



Rate Matrix

Rate Matrix Q :

Non-diagonal entries : Q(i , j) = gij = 0 (the rate isj

Diagonal entries : Q(i, i) = - q :
= - E9ij

i = j

Rows of Q sum to O
,

this is a defining property.

Stationary Distribution (CTMs)

#Q = 0 and Eri = 1

For each state i: gi=ji

m um

rate out rate into a

Detailed balance : #(i) Q(i,j) =(j) Q(j, i) for all i, j

CTMC Applications
Let a = expected time to reach state A:

2(i) = 0 if i =A =Already at A

(i)= + [(i) => timespenat theJumpOn

Probability of Reaching A before B :

↓ (i)= 1 if i = A => Already at A

a (i) = 0 it i = B =) Already at B

c (i)=<(j) = Land in state j with p= and

future steps =< (j)

Jump Chains

The jump chain is the embedded DTMC you get
holding times and only trackingby ignoring which

states you visit.

Transition probabilities : P(i, j) =
Q(i , j)

9 i

Jump chain and CTMC don't have the same

distribution ,
It

, in general,
becausestationary

the jump chain ignores how long you spend

in each state e.

Kolmogorov Equations ((TMC)

Transition Probability Matrix P(t) : Entry (i , j) is

the probability of being in state j at time+

given you started in state i.

P(+) = e
+ Q

P(s + +) = P(s)P(t) where samt of time already
elapsed ,

and = additional time after that

Kolmogorov Equations (DTMC)
pn + m

= prpm

n = # of steps already taken
m = # of additional steps after that

k = n + m = total # of steps

pk = transition matrix to theItpowerwhere entea se
(i

, j) is the probability
exactlyIs steps .

Reversibility
↑ CTMC is reversible if :

① It satisfies detailed balance for some It

② It doesn't have cycles
③ It has cycles ,

but the product of the rates in
- States must be independent

ime one direction is equal to the product of the

rates of the other direction .steps . In a CTMC,you only know the rate at which

each transition occurs. Rates correspond to
↑ DTMC is reversible if :

exponential RVs since they are the only continuous

memoryless distribution ① It satisfies detailed balance for some It

CTML follow the Markov Property : The past gives & It doesn't have cycles
no extra into about the future beyond the present. ③ It has cycles ,

but the product of the transition

probabilities in one direction is equal to the↑ (Yi + 1
= y (Y i ) =P(Yi +1

= y(Yi ,
Yi-1)

in theproduct of the transition probabilities
other direction.How it works :

View 1 : Poisson Processes
You're in state i. For each neighboring state j,

ADissonprocessPP built fromn.s
theres a separate clock ticking at Exponential (ai))
time. All clocks run simultaneously,

whichever goesoff first is where you jump . time of the nth arrival
,

In = S
,

+ S2 +... + Sn

View 2 (Equivalent) : N(t) = # of arrivals by time+
You state: at the minimum of

are essentially leaving N(t , ,
+z) = N(tz) - N(t) = # of arrivals in interval [t

, to)independent exponentials. This itself is exponential with

the rate being the sum of all rates . Thus :

When do I leave ? - Exp(9i) ,
where a = is

Mean time

Go to state,Stateit



Poisson Process Properties
& Stationary increments : The number of arrivals in

any interval (t,++ s] depends only on the lengths ,

not where it starts.

- N(+, + + s) = N(s)

② Independent increments : Arrivals in non-overlapping
intervals are independent of each other

③ Poisson Distribution : The # of arrivals by tima

↓ follows a Poisson distribution with rate xt.

- N(t)-Poisson(x +)
- P(N(+) = n) =

(x +) e
-x +

n !

Erlang Distribution

Time of the nth arrival in = Sum ofniid. Exp(x) RVs

-IEang+
-

e
-Xt

(n - D !

Merging Poisson Processes

If NWPP(X) and MwPP(u),
N + M -PP(X +u)

Splitting Poisson Processes

Let NuPP(x)
.

Each arrival goes
+ stream 1 with probability p and to stream 2

with probability 1-p. Then :

N
, -PP(Xp) and N

= -PP(x(l-p))

N, and N2 are independent.

Random Incidence Property-

For a Poisson Process that has been running for a

long time :

If
you pick an arbitrary time +, the interarrival

time containing + has length E .

This is because

the time since the last arrival before + has

expected value*, and same for the next arrival

after t
.

This is in total .

-
Intuitively ,

t is more likely to land in longer intervals

length of the interval + lands in

expectedso th
ger than the average interval length

Random Graphs

Gp)isan undirectedgraphwith n verticeswhera
with probability p.

Facts :

① EC# of edges] = (2)p = 1x- 1
. p

& Degree of a vertex : D - Binomial (n-1 , p)
- E[D] = (n - 1) p

③ Probability a vertex is isolated : (l-p)
-

When p=, the degree Dr Binomial (n-1 , p) = Binomial (n-1.)
This is a binomial with large n and small p .

so by the

Poisson approximation to the binomial
,

it's approximately

Poisson (1). The mean is (n-1)*1. In general : Binomial (n , p) =

Poisson(up) when n is large and p is small .

Sharp Threshold for Connectivity
As you increase p from O to 1

,
the graph goes

from empty to fully connected. At what value

p does it suddenly become connected ?

prun

For the graph to be fully connected
,

there must

not be any isolatednodes :

Thinprobabilitya givennode isisolatedis-P.The
/

p=n- e-p(n-1)
. Plugging in

n- e-p(n-D = n .
- - (n-neun = ne(t) = n - t= 1

,

p =t ,
the expected # of isolated modes is 1

.

So at

So if you scale p up ,
it

goes to 0
,

and if you scale

it down
,

it
goes

to a.



Basics
P (A1B)

Conditional Probability : PLAIB) = PSB2 , PCB) > O
Erasure Channels & Coding

Total Probability : PCB)= PCA) PCBIAi) Binary Erasure Channel : marks bits as erased w/ probability p

Capacity = 1- p

Bayes Rule : PLAIB) =

PCA) PLBIA)
PSB)

Binary Symmetric Channel: flips bits w/ probability p

Union Bound : Phil PLA) Capacity = 1 - H(p) = 1 - [-plogp -(l-p) log (1 - p>]

Independence : P(AIB)= PSA) or PSA1 B) = PCA) P(B)

Pairwise Independence: every pair of RVs is independent (does not imply mutual)

Conditional Independence : every subset of of RVs is independent Simplies pairwise) Shannon's random coding

Random Variables message of ↓ bits

Discrete MF/PDF/CDF ar(X) MGF encode each 2" possible messages to ana bit codeword

Uniform (a
,
b) Pr(X=K) =+

ESX (b-a+173- 1 - gat(1- e(b-a + 1)t) each # between [a
, b] equally likely rate R = L/n

12 b- a+ 1 - et

Bernoulli[P) Pr(X= 0)= 1 - p ; Pr(X= 1)= P P P(1- p) 1 - p + pe one coin flip w/prob p

Binomial (n, p) Pr(X= 1) = (i) p
*

(l-p>
n-1

up mp(l-p> 61- p + pe-n # of successes in n voin flips BSC: prob of a wrong codeword matching on roisy bits = ECTTP
Des

Geometric (P) Pr(X = k) = (1 -p)k - p Yp # 1 - (1 - P) eS # of trials before first success

Poisson (X) Pr(X= k)= e
-

X X * Ses - 1] # of everts in window BEL : prob of a wrong codeword mathing on unerased bits:21-p>
e

Exponential (x) fx(x)=Xe
**

F
,
(x) = 1- e-XX Y /2 X waiting time to next event

/ X - S

Gaussian (M ,
a) +x(X)=(2mp22

-(x -y)/282 M 23 252 shape everything converges to

Uniform(a, b) fy(x)=a S(b -a)
: E equally likely anywhere in range

Erlang (K
, x) Pr(X==(*** e

-*)/450(/ (x--))k waiting time until 1th evert ; sum of K exp

MGFs

Mx(s) = E(e*) = [esP(x=k)=e +x()dx

Derivative of an MGF: @MGS)0
= Sxf(x)dX = E[X]

Uniqueness of MGF : Mx (s) = My(s) => X =Y

EXnE = X
,,

Xz, . . ..
Xn [iid RVs) Convergence almost surely => in probability in distribution

Sample/Empirical Mean: Mr =Xi almost surely : (X) converges as to X if

P[EWE : ngXn = X 3) = 1 or

True/Population Mean:[Mn] : [X] =[X: ] PGlimn-> aXn#X) = 0 on

Xn =
- X

Variance : Var (Mn)= [Var(Xi) = MV(X) = Var(X)
·

as n -> &
, var (Mn) = 0 SLbN : Yn= X: E(X)

WLLN : nimP(/Xi - 1[X]) = 5) = 0 Borel-Cantelli : PSAn)< =2 P(Ani. 0) =0

CLT: Y =

(n(kn - u)a
- N(0, 1)

-> P(An) = 0 and (An]n independentJ

=> P(Ani . 0) = 1

Concentration Bounds

E[X]
in probability : (X] converges i

.p.

to X if

Markov Bound : P(X = a) <
a

for non-neg
X nimaP((Xn- X) = c) = 0 On

Xn = X
Chebyshev : P(/X-u/ = c)< for > 0

Mx(s) in distribution : (X/ converges i
.

d. to X if

Chernoff : P(X > a) 1 mino
esa

Gnight tail)
nima P(Xn = X) = P(X(x)

min

-xx]
P(X(a) =

30

#Ce
Gnight tail) n

+ X
esa

SLLN/Borel-Cantell: /Big => almost surely Chebyshev =) in probability (LT => in distribution

Entropy Information Theory

H(x) = #[10gx] = [P(X =x)log() = - [PJX=X) logP(X=) ; average surprise/info
from observing X

Conditional Entropy : H(X/Y) = [P(Y=3) H(X/Y =3)
= [P(Y=y)[P(X/Y= 3) log'P(X(Y=3)

= H(X, Y) - H(y) ;average remaininaafter Y

Chain Rule of Entropy: H(X,) = H(Y) + H(X(Y) = H(X) + H(Y(X)

Mutual Information : [(X; Y) = H(x) - H(X /Y = H(X) + H(Y) - H(x. Y)
· how much information Y gives about X

Channel Capacity : C =

max ILX;) , mutual information maxiurized over input
distribution X

&↳ [2X ; Y) = H(Y) - H(x(x) - fixed
↑ maximize this


